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Abstract
We construct a supersymmetric SU(5) × A4 flavour GUT model in which an inverse neutrino mass
hierarchy is realised without fine-tuning of parameters. The model shares some properties with the normal
hierarchy model which we presented in arXiv:1305.6612 – in particular the relation θPMNS13  θC/
√
2.
Besides these shared features, there are also important differences, mainly due to the different neutrino
sector. These differences not only change the predictions in the lepton sector, but also in the quark sector,
and will allow to discriminate between the two models using the results of present and future experiments.
From a Markov Chain Monte Carlo fit we find that the inverse hierarchy model is in excellent agreement
with the present experimental data.
© 2013 The Authors. Published by Elsevier B.V. 
1. Introduction
Remarkable progress has been made recently regarding the measurement of the parameters in
the lepton sector. The arguably most spectacular result was the determination of a non-zero value
of the reactor mixing angle θPMNS13 [1]. Despite these successes, the mass-ordering, the absolute
mass-scale, the Dirac CP-phase and – if neutrinos are Majorana particles – the Majorana phases
.
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regarded as a challenge for flavour model building, the fact that various parameters are still
unmeasured (or will be measured more precisely in the future) means that new models which
make predictions for these quantities can be tested with the data of future experiments.
It is an interesting fact that in the framework of supersymmetric (SUSY) Grand Unified Theo-
ries (GUTs) the vast majority of models features a normal neutrino mass hierarchy (NH), whereas
only few such models have an inverted neutrino mass hierarchy (IH). Given this observation, one
may ask why this is the case. Are IH models generically more intricate and harder to construct?
Or do they have more problems than NH models in fitting to the available data? While the above
questions are hard to answer in generality, of course, we aim to answer them at least for super-
symmetric flavour GUT models with an SU(5) gauge symmetry and an A4 family symmetry
[2], by constructing an example of a predictive and relatively simple IH model of this kind and
comparing it to the model with a NH but otherwise similar properties which was presented in
Ref. [3].
While they have different mass hierarchies, the presented IH model shares the following fea-
tures with the model of Ref. [3]: (i) the explanation of the relation θPMNS13  θC/
√
2 via charged
lepton mixing effects linked to the Cabibbo angle by GUT relations following the strategy of
[4],1 (ii) the spontaneous breaking of CP-symmetry by CP-violating vacuum expectation values
(VEVs) of flavon fields leading to α  90◦ in the quark unitarity triangle [9,10], and (iii), a novel
combination of Clebsch–Gordan factors from GUT symmetry breaking which leads to promising
relations between quark and lepton masses. Besides these shared features, there are also impor-
tant differences, mainly due to the different neutrino sector. These differences not only change
the model predictions in the lepton sector, but also affect the quark sector predictions. Interest-
ingly, it turns out that while the presented IH model has roughly the same level of intricacy as
the NH model of Ref. [3], it gives an even better fit to the data, with a χ2/d.o.f. of only 1.1.
The paper is structured as follows: In Section 2 we briefly review how to obtain an IH from
the type I seesaw mechanism without fine-tuning. The superpotential for the matter sector, the
required VEVs of the flavon fields and the resulting Yukawa matrices and right-handed (RH) neu-
trino mass matrix are given in Section 3. In Section 4 we discuss the superpotential which gives
rise to the desired flavon VEVs. Here we make use of a novel mechanism which yields A4 triplet
VEVs with one element vanishing and the other two elements having arbitrary magnitudes but
fixed discrete phases. The phenomenological implications and predictions of our model are pre-
sented in Section 5, where we also compare these results to those of the NH model of Ref. [3].
Finally, we summarise in Section 6. In Appendix A we present the messenger sector.
2. Realising an inverted neutrino hierarchy
If the neutrino mass ordering would be measured to be inverse, it would imply that at least
two of the neutrino masses, namely m1 and m2, are almost degenerate (with mass splittings
much smaller than the mass eigenvalues). By looking at the existing models in the literature (see
e.g. [11]), one could get the impression that, generically, such a small neutrino mass splitting
would be unlikely to have its origin in a GUT flavour model. Approaches using symmetries
1 As a phenomenological possibility, the relation θPMNS13 = θC/
√
2 was mentioned already some time ago [5]. Its
possible origin from charged lepton corrections in Pati–Salam models has been discussed in [6,7]. In SU(5) GUTs,
predictions for large θPMNS13 from charged lepton corrections with consistent quark–lepton mass relations were studied
in [6,8], and conditions for realising θPMNS = θC/
√
2 were given in [4].13
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Le–Lμ–Lτ [12] or more generally some U(1) family symmetry. Although the implementation
of such symmetries in GUTs is certainly possible (see e.g. [13]), realising an inverse hierarchy
often turns out to be more involved than realising a normal one. In this section, we outline our
strategy2 for realising an inverse neutrino mass hierarchy in a simple way using discrete family
symmetries, which can easily be embedded in SU(5) GUTs.
2.1. Inverse hierarchy without fine-tuning
One promising approach for explaining m1 ≈ m2 is to consider a (mostly) off-diagonal mass
matrix MR for two of the RH neutrinos, e.g.
MR = MˆR
(
ε 1
1 0
)
, (1)
so that the two RH neutrinos form a (quasi-)Dirac pair with (almost) equal moduli of the Majo-
rana mass eigenvalues. The small entry ε in the 1–1 position of MR lifts the degeneracy of the
RH neutrino masses and is in turn also responsible for the small mass splitting between the light
neutrino masses m1 and m2, as seen below. Using the seesaw formula [15]
mν = v
2
u
2
(
YνM
−1
R Y
T
ν
)
, (2)
where vu = 246 GeV · sinβ , one gets with the above MR and with a neutrino Yukawa matrix
(cf. [16])
Yν =
(
a 0
0 b
0 c
)
(3)
the light neutrino mass matrix
mν =
( 0 B C
B 0 0
C 0 0
)
+ α
(0 0 0
0 B C
0 C C2/B
)
with B = b av
2
u
2MˆR
, C = c av
2
u
2MˆR
, α = −ε b
a
. (4)
The first part leads to two light neutrinos ν1, ν2 with exactly degenerate masses [12], while the
second part can be considered as a small perturbation which induces the solar mass splitting.
Since we consider only two RH neutrinos, the mass of the lightest neutrino is zero, m3 = 0, and
we have what is called a ‘strong inverse neutrino mass hierarchy’ although strictly speaking the
hierarchy is only between m3 and m1 ≈ m2.
2.2. Implementation in flavour models
It is now easy to imagine how an inverse hierarchy can be realised with discrete family sym-
metries. For example, the columns of the neutrino Yukawa matrix can be generated by the VEVs
2 Other examples of SU(5) models with inverse hierarchy, following different approaches, have been constructed e.g.
in [14].
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group like A4. With the flavon VEVs pointing in specific directions in flavour space, i.e. along
(a,0,0)T and (0, b, c)T , and with RH neutrinos being charged under the model’s symmetry such
that only the off-diagonal mass matrix entries are generated by the leading order operators, the
desired structure can readily be obtained. A superpotential which makes the flavon VEVs point
in the above described directions will be presented in Section 4.
2.3. Mixing angles and the Dirac CP phase
It is straightforward to calculate the two non-vanishing mass eigenvalues mi and the mixing
angles θνij which bring mν into diagonal form3:
−	m2atm = m22 ≈ B2 +C2, (5a)
	m2sol = m22 −m21 ≈ 2α
(B2 +C2)3/2
|B| , (5b)
tan θν12 ≈
∣∣∣∣1 − α2
√
B2 +C2
|B|
∣∣∣∣≈
∣∣∣∣1 + 14 	m
2
sol
	m2atm
∣∣∣∣, (5c)
tan θν23 = |C/B|, (5d)
θν13 = 0. (5e)
As can be seen, the relative smallness of the mass splitting between ν1 and ν2 directly results
from the smallness of the correction α (which stems from a higher-dimensional operator) and is
not due to a cancellation of a priori unrelated parameters.
Additionally, the mixing angle θν23 is a free parameter. On the other hand, the deviation from
tan θν12 = 1 is smaller than 10−2, which amounts to a negligibly small deviation from θν12 = 45◦,
and the 1–3 mixing in the neutrino sector is fixed to zero.
The fact that θν13 = 0 opens up the interesting possibility of explaining the PMNS angle θPMNS13
via charged lepton mixing effects in GUTs, following the strategy described in [4]. When the
charged lepton Yukawa matrix Ye is diagonalised mainly by a 1–2 rotation θe12 connected by
GUT relations to θe12  θd12  θC (in the rest of this section we will assume θe13 ≈ 0 and θe23 ≈ 0),
then θPMNS13 is generated with a value in very good agreement with experiments:
θPMNS13  θe12 sin
(
θPMNS23
) θC/√2. (6)
In addition, such a charged lepton mixing contribution also affects the PMNS angle θPMNS12 ,
as can be seen from the lepton mixing sum rule [17]
θPMNS12  θν12 + θe12 cos
(
θPMNS23
)
cos
(
δPMNS
)
. (7)
One can also see that θPMNS12 can be in very good agreement with the experimental data as long as
δPMNS  180◦, and as long as the angle θPMNS23 is smaller than 45◦, more precisely θPMNS23 ≈ 40◦,
so that cos(θPMNS23 ) is somewhat larger than 1/
√
2.4 Note that θe13 ≈ θe23 ≈ 0, δPMNS = 180◦ and
θPMNS23 < 45◦ will be built-in features of the model, as we discuss in the following section.
3 Three comments are in order: (i) The subscripts of the eigenvalues correspond to the standard mass ordering for
α > 0. (ii) We assume all parameters to be real. (iii) The symbol ‘≈’ here means that the result is in leading order in α.
4 Note that with θPMNS = 45◦ , θPMNS would be about 36◦ , which is disfavoured by more than 3σ .23 12
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The VEVs of the flavon fields. The i are all assumed to be real numbers. See the following section for a discussion of
the flavon alignment. We abbreviated cab ≡ cos(θab) and sab ≡ sin(θab) and analogously for θbc .
Flavon ϕi : φ1 φ2 φ3 φab φbc ξ12 ξ23 ξM
〈ϕi 〉
Λ : 1
⎛
⎝10
0
⎞
⎠ 2
⎛
⎝ 0−i
0
⎞
⎠ 3
⎛
⎝00
1
⎞
⎠ ab
⎛
⎝ cabsab
0
⎞
⎠ bc
⎛
⎝ 0cbc
sbc
⎞
⎠ 12 23 M
3. The model
We now turn to the actual construction of the model. The first step towards this end is the
identification of effective operators that lead to the desired Yukawa matrices after the GUT sym-
metry is broken and after the flavons attain their VEVs. This will be treated in this section. In
Section 4 we will discuss the superpotential that gives rise to the flavon VEVs. Note that, to make
the model consistent, one has to identify its ‘shaping symmetry’ and furthermore find a set of
messenger fields, that, when integrated out, give rise to the effective operators in the superpoten-
tial. It is crucial that the shaping symmetries and messengers do not allow any further effective
operators which could spoil the features of our Yukawa matrices, e.g. by generating unwanted
Clebsch factors or relevant corrections to the desired structure of the Yukawa matrices.
The matter content of the Minimal Supersymmetric Standard Model (MSSM) is contained
(using the standard SU(5) embedding) in the 5¯ – which in our model is an A4 triplet – and three
10’s of SU(5) that are A4-invariant singlets. As discussed in the previous section, we introduce
two right-handed neutrinos N1 and N2 which are SU(5) and A4 singlets. To obtain the Clebsch–
Gordan factors 6, −1/2 and −3/2 – which are useful in order to get a model with a good fit to the
data, as was already discussed in Ref. [3] – we introduce a Higgs fields H45 in the 45 of SU(5),
which, together with the usual H5 and H5¯, is responsible for the breaking of the electroweak sym-
metry. The GUT gauge group gets broken to the SM gauge group by the VEV of a Higgs field
H24 in the 24 of SU(5).5 When SU(5) gets broken Clebsch–Gordan ratios between the charged
leptons and down-type quarks arise, depending on the contraction between H24 and the matter
fields. In order to ensure that only the desired Clebsch factors appear in the model, one needs to
explicitly construct the renormalisable theory with messenger fields. In Table 6 on page 33 we
present the messenger sector and show the operators that lead to the effective superpotential after
the messenger fields are integrated out.
The rows respectively columns of the Yukawa matrices are formed by specific VEVs of flavon
fields. Five flavons of the model are A4-triplets and three are A4-invariant singlets. In Table 1
we present their VEVs. Note that all parameters i are real, as explained in the next section. For
convenience we introduce a single symbol Λ for the suppression by messenger mass scales, keep-
ing in mind that in fact each effective operator is in general suppressed by different messenger
masses, as can be seen from Figs. 2–7 on pages 33ff.
The effective superpotential for the matter sector is given by (up to real coefficients and omit-
ting messenger mass scales Λ for the sake of brevity) W = WYν +WMR +WYd +WYu with6
WYν = (H5F)(N1φ1 +N2φbc), (8a)
5 While we explicitly discuss the matter sector and the breaking of the family symmetry, the details of the Higgs
potential are beyond the scope of this paper.
6 We denote the decomposition into the SU(5) representation R by [· · ·]R .
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(
N1N2 + φ2bcN21
)
, (8b)
WYd = [T1H45]45[FH24]45φ2 + [T2H24]10[FH5¯]10φab + [T3H5¯]5[FH24]5¯φ3, (8c)
WYu = H5
(
T 23 + T 22 φ2ab + T 21
(
φ22
)2 + T2T3ξ23 + T1T2ξ512). (8d)
After GUT- and family symmetry breaking the Yukawa matrices of the quarks and charged lep-
tons are given by
Yd =
⎛
⎝ 0 i˜2 0˜abcab ˜absab 0
0 0 ˜3
⎞
⎠ , Ye =
⎛
⎝ 0 6˜abcab 0−i 12 ˜2 6˜absab 0
0 0 − 32 ˜3
⎞
⎠ ,
Yu =
⎛
⎝ 
4
2 
5
12 0
512 
2
ab 23
0 23 yt
⎞
⎠ , (9)
where we defined
˜i = 〈H24〉
Λ
i (10)
for convenience. Sub-leading corrections, e.g. from higher-dimensional operators or from canon-
ical normalisation [18] can be neglected with the messenger sector of the model presented in
Appendix A. Note that we use the convention of the Particle Data Group [19]
W = (Y ∗u )ijQiucjHu + (Y ∗d )ijQidcjHd + (Y ∗e )ijLiecjHd + (Y ∗ν )ijLiνcjHu
+ (M∗νc)ij νci νcj , (11)
so that the complex conjugates of the flavon fields form the rows and columns of the down-type
quark and charged lepton Yukawa matrices, respectively.
Finally, the desired neutrino Yukawa matrix and right-handed neutrino mass matrix – which,
as discussed in Section 2, lead in a natural way to an inverse neutrino mass hierarchy – are
obtained from WYν and WMR . The parameters MˆR and ε in Eq. (4) are then given in terms of bc
and M .
4. Flavon alignment
Having discussed the matter sector of the model we now present the superpotential respon-
sible for the vacuum alignment of the A4-triplet flavons φ and A4-singlet flavons ξ . The scalar
potential for the flavons is obtained from the F -terms of the ‘driving fields’ S, D, A, O and O ′.
All flavons and driving fields are listed in the lower part of Table 5 together with their charges
under the imposed symmetries.
The total effective superpotential which is responsible for the vacuum alignment of the flavons
is given by
Wflavon = Wφi +Wab,23 +Wbc +WM +W12 (12)
where7
7 For products of A4 representations, we use the Ma–Rajasekaran (“SO(3)-like”) basis, as introduced in the first refer-
ence of [2]. The product 3⊗ 3 decomposes into 1⊕ 1′ ⊕ 1′′ ⊕ 3s ⊕ 3a . The invariant singlet 1 is given by the SO(3)-type
inner product. 3s is constructed from the symmetric star-product () and 3a from the antisymmetric cross-product (×),
respectively. We denote the contraction to the 1′ and 1′′ representations with (· · ·)1′ and (· · ·)1′′ , respectively.
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[(
φ22
)3 +M22 ]+ ∑
i∈{1,3}
Si
[
φ2i −M2i
]
+
3∑
i,j=1
j>i
[
O ′i;j (φiφj )1′′ +Oi;j (φiφj )
]
, (13a)
Wab,23 = Sab
[
(φab  φab)
2ξ223 −M2ab23
]+Dαab[φ2ab + λ23ξ223]
+Dβab(φab  φab)φab +Dγab
[(
φ2ab
)
1′
(
φ2ab
)
1′′ + kab(φab  φab)2
]
, (13b)
Wbc = Sbc
[
(φbc  φbc)
2φ2bc −M2bc
]+Dβbc(φbc  φbc)φbc
+Dγbc
[(
φ2bc
)
1′
(
φ2bc
)
1′′ + kbc(φbc  φbc)2
]
, (13c)
WM = SM
[
ξ6M −M2M
]
, (13d)
W12 = S12
[
ξ612 −M212
]
. (13e)
Since CP symmetry is assumed to be broken only spontaneously, the constants ki and Mi are
real. In addition we assume M2i > 0 everywhere. The terms W12 and WM lead to VEVs with
discrete phases as discussed in [10], of which we select the real VEVs.
Let us elaborate on the flavon alignment Wφi . The F -term equations corresponding to Oi;j
and O ′
i;j take the form
x1 + x2 + x3 = 0, (14a)
x1 + x2ω2 + x3ω = 0, (14b)
where ω = exp(i 2π/3) and xk = (φi)k(φj )k . There is one such system of equations for each
pair Oi;j and O ′i;j . Their solutions can be grouped into two classes: (i) x1 = x2 = x3 = 0 and
(ii) x1 = γ , x2 = ω2γ , x3 = ωγ , with a complex constant γ = 0. When translating these two
classes into solutions for the components (φi)k , one finds that no combinations mixing (i) and
(ii) are consistent. Thus the only solutions to all three equation pairs are either all of type (i) or
of type (ii). They read
(i) φ1 ∝ (1,0,0)T , φ2 ∝ (0,1,0)T , φ3 ∝ (0,0,1)T or permutations thereof,
(ii) φi ∝ (1,ω,√ω )T for i = 1,2,3.
Which solution is realised depends on the type of F -term that is used to force φi = 0. Namely, for
solution (ii) the invariant φ2i vanishes for all φi , so that in our setup only solution (i) is selected.
Again their phases take on discrete values. We select an imaginary VEV for φ2 and real VEVs
for φ1 and φ3, as presented in Table 1.
Finally, we briefly consider Wab23 and Wbc . In general, the first term (with the singlet driving
fields Sab , Sbc) determines the magnitude8 of the VEV and the global phase is set to discrete
values due to the real value of M2. The second term (with the driving field Dβab , Dβbc) sets
one of the components of 〈φ〉 to zero. For the two remaining entries of the flavon, the relative
magnitude or the relative phase is set by the value of kab , kbc . Let us exemplify this for 〈φbc〉
(〈φab〉 is determined in a completely analogous way). Because of the terms with Sbc and Dβbc
8 Note that the F -term of Sab does not fix the individual magnitudes of φab and ξ23, but only the magnitude of their
product. The individual magnitudes are determined by the F -term of Dα .ab
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therefore write
〈φbc〉 =
(0
b
c
)
. (15)
Setting the F -term of Dγbc to zero yields three different types of solution depending on kbc . For−1 kbc  3, one has |c/b| = 1 and the relative phase ϕ = arg(c/b) can be fixed by kbc = 1 −
2 cos(2ϕ). For kbc < −1 and kbc > 3, the situation is reversed and kbc governs the ratio c/b and
the phase ϕ is fixed to ϕ ∈ {0,π} for kbc < −1 and ϕ = ±90◦ for kbc > 3. Defining tan θ = |c/b|
with θ ∈ [0◦,90◦), one can obtain a specific value of θ by choosing kbc = −1 − 4 cot2(2θ)
for kbc < −1 or kbc = 3 + 4 cot2(2θ) for kbc > 3. The same formulae also apply to φab with
b, c → a, b, with a and b defined analogously to Eq. (15). For both φbc and φab we select the
real VEVs.
Note that with the flavon alignment of Eq. (13) all driving- and flavon fields get masses of the
order of the family symmetry breaking scale.
5. Phenomenology
In this section we present a numerical fit of the model to the measured observables, a Markov
Chain Monte Carlo (MCMC) analysis and a discussion of the model’s predictions. We perform
the numerical analysis in a similar way as in Ref. [3]. Because of the differences in the neutrino
sector and for the sake of completeness, we nevertheless briefly describe the numerical proce-
dure.
Our model has 14 free parameters: ˜2, ˜3, ˜ab , θab , ηQ12 and ηQ3 parametrise the Yukawa
matrices Yd and Ye . The parameters yt , ab , 2, 12 and 23 enter Yu, where we fix ab and 2
to be positive, which is possible since they appear at quadratic and quartic order, respectively.
Since there are only three relevant parameters in mν , as discussed in Section 2, we can keep two
parameters of the neutrino sector fixed. While Yν is parametrised by 1, bc and θbc , we set the
parameters of MR to MˆR = 1010 GeV and ε = 10−2. Note that for neutrino Yukawa couplings
much smaller than 1, which implies that Yν is irrelevant for the renormalisation group (RG)
evolution, the choice of MR does not affect the fit. The neutrino sector is therefore given by
Yν =
⎛
⎝ 1 00 bc cos θbc
0 bc sin θbc
⎞
⎠ , MR = 1010 GeV ·
(
10−2 1
1 0
)
. (16)
With this parametrisation we perform a fit of the 14 parameters to the 18 measured observables.
In addition to the 9 fermion masses, 6 CKM and PMNS mixing angles, the CKM phase and the
two neutrino mass splittings, we also calculate the yet unmeasured Dirac CP phase δPMNS and
the Majorana phase ϕPMNS = ϕPMNS2 − ϕPMNS1 , which is the single physical Majorana phase for
the case of a massless lightest neutrino m3 (we use the notation of the Mathematica package
REAP [20]). Our model therefore makes 6 predictions.
We use the one-loop MSSM RGEs and REAP to run the Yukawa matrices from the GUT scale
MGUT = 2 · 1016 GeV to the superpartner mass scale ΛSUSY = 1 TeV. At their respective mass
scales, the RH neutrinos are integrated out and the effective mass matrix of the light neutrinos
is calculated. In order for the Clebsch–Gordan ratios 6 and − 3 to be viable, a large or moderate2
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tions [22,23] at the matching scale of the MSSM to the Standard Model (SM), which are given
by the approximate relations
Y SMd =
(
1 + diag(ηQ12, ηQ12, ηQ3)
)
YMSSMd cosβ, (17a)
Y SMu = YMSSMu sinβ, (17b)
Y SMe = YMSSMe cosβ, (17c)
in the basis where Yu is diagonal. The ηi are proportional to tanβ and treated as free parameters
in the fit. In an explicit SUSY scenario they could be calculated from the sparticle spectrum
and tanβ . We restrict the absolute values |ηi | < 0.5, which is justified by the size of the SUSY
threshold corrections in common SUSY breaking scenarios (see e.g. [24]). We remark that we
have absorbed the SUSY threshold corrections for the charged leptons in the quark corrections.
This is valid to a good approximation, since GUTs only predict ratios of quark and lepton masses.
Below ΛSUSY we use the Standard Model one-loop RGEs to run the Yukawa matrices to
the mass scale of the top quark mt(mt ) = 162.9 GeV where all observables are calculated and
compared with results from measurements. The values of the charged lepton and quark masses
are taken from Ref. [25]. Note that because of the accuracy of roughly one percent of the one-loop
calculations used in the fit, we set the uncertainty of the charged lepton masses to one percent,
although they are given to higher precision in Ref. [25]. We use the Winter 2013 fit results of the
UTfit Collaboration [26] for experimental data of the CKM parameters and the updated global
fit results of the NuFIT Collaboration [27] for the lepton mixing observables.
5.1. Results
Using this procedure, we find a best fit point with a total χ2 = 4.6. The parameter values
corresponding to this are presented in Table 2. Having 14 parameters and 18 fitted observables
we have a reduced χ2 of χ2/d.o.f. = 1.1. Compared to χ2/d.o.f. = 2.0 in the fit of the normal
hierarchy model of Ref. [3], we obtain an even better agreement with the measured observables.
Additionally, we perform a MCMC analysis with a Metropolis–Hastings algorithm and give 1σ
highest posterior density (HPD) intervals [19] as an uncertainty.
In Table 3 we show the best fit values of the observables at mt(mt ). For convenience we also
list the lepton mixing angles in degree in Table 4. In Fig. 1 the correlations among the lepton
mixing angles in the MCMC analysis are shown.
In the following we turn to a discussion of the fit results and discuss how the model can be
probed by present and future experiments.
• The sign of 	m2atm will be in the focus of the next round of neutrino oscillation experiments
and will allow to distinguish between inverse and normal neutrino mass ordering. Further-
more, in contrast to NH models our model predicts a sizable effective mass for neutrino-less
double beta decay experiments of
mββ =
∣∣∣(UPMNSe1 )2
√
−	m2atm −	m2sol +
(
UPMNSe2
)2√−	m2atm ∣∣∣
= (1.83+0.05−0.06) · 10−2 eV, (18)
in reach of future experiments [28].
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Best fit results of the parameters with χ2/d.o.f. = 1.1. The uncertainties are given as 1σ highest
posterior density intervals. The two modes for 2 can be understood as the two solutions of the
(leading order) equation yu ≈ |(Yu)11 − (Yu)212/(Yu)22|, where (Yu)11 = 42 .
Parameter Best fit value Uncertainty
˜2 in 10−4 6.71 +0.08−0.07
˜3 in 10−1 2.23 ±0.03
˜ab in 10−3 3.03 ±0.03
θab 1.314 +0.004−0.003
ηQ12 in 10
−1 3.36 +1.35−2.50
ηQ3 in 10
−1 1.64 +0.44−0.37
2 in 10−2
{5.22
6.04
{ +0.34
−0.37+0.18
−0.23
ab in 10−2 4.45 +0.53−0.18
12 in 10−1 −1.64 +0.05−0.04
23 in 10−2 1.76 +0.49−0.16
yt in 10−1 5.30 +0.35−0.27
1 in 10−3 3.21 +0.11−0.09
bc in 10−3 −5.12 +0.11−0.15
θbc 0.71 ±0.02
• The predictions for the PMNS phases are δPMNS = 180◦ and ϕPMNS = 180◦. A measurement
of δPMNS would thus allow to test our model. Note that because Yν is real and the phase of
the 2–1 element of Ye can be absorbed by the right-handed electron field, the PMNS phases
are fixed and also do not run.
• The model features the relation9 θPMNS13  θC sin θPMNS23 , which is seen in the correlation
found in the MCMC analysis as shown in Fig. 1a. While the result θPMNS23 = 39.06◦+1.33
◦
−1.32◦
is somewhat smaller than the currently reported experimental value in [27,29], the result
θPMNS13 = 9.41◦+0.28
◦
−0.27◦ is slightly larger. Future, more precise measurements of the atmo-
spheric and reactor angle will thus have the capability to falsify our model or to strengthen
the relation θPMNS13  θC sin θPMNS23 with higher precision.
• Due to the lepton mixing sum rule θPMNS12 = θν12 + θPMNS13 cot θPMNS23 cos δPMNS and δPMNS =
180◦, the angles θPMNS13 and θ
PMNS
23 lead to a large deviation of θ
PMNS
12 from θ
ν
23 = 45◦. We
find θPMNS12 = 33.38◦+0.30
◦
−0.28◦ , which lies within 1σ from the experimental values as reported
in [27]. The correlations shown in Figs. 1b and 1c visualise the relations between θPMNS12 and
θPMNS13 , respectively θ
PMNS
12 and θ
PMNS
23 .
• In the quark sector we predict the ratio ms/md = 18.55+0.26−0.24, which follows from the specific
set of Clebsch–Gordan coefficients used in the model and is not tuned by a parameter in
9 In fact our model realises θe  θC which corrects θPMNS to larger values, as discussed in [4].12 13
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Best fit results and uncertainties of the observables at mt (mt ). We give 1σ highest posterior density intervals as uncer-
tainty. δPMNS and ϕPMNS are exactly 180◦ , since Yν is real and the phase of (Ye)21 can be absorbed by the right-handed
electron field. Note that although the masses of the charged leptons are known far more precise than listed here, we set
an 1% uncertainty for the experimental values, which is roughly the accuracy of the one loop calculation used here.
Observable Value at mt Best fit result Uncertainty
mu in MeV 1.22+0.48−0.40 1.22
+0.50
−0.39
mc in GeV 0.59 ± 0.08 0.59 +0.07−0.09
mt in GeV 162.9 ± 2.8 162.91 +3.35−2.44
md in MeV 2.76+1.19−1.14 2.73
+0.25
−0.54
ms in MeV 52 ± 15 50.70 +4.86−9.72
mb in GeV 2.75 ± 0.09 2.75 ±0.09
me in MeV 0.485 ± 1% 0.483 ±0.005
mμ in MeV 102.46 ± 1% 102.87 +1.04−0.91
mτ in MeV 1742 ± 1% 1741.99 +16.84−17.70
sin θC 0.2254 ± 0.0007 0.2255 ±0.0007
sin θCKM23 0.0421 ±0.0006 0.0421 ±0.0006
sin θCKM13 0.0036 ± 0.0001 0.0036 ±0.0001
δCKM in ◦ 69.2 ± 3.1 69.27 +0.91−0.69
sin2 θPMNS12 0.306 ± 0.012 0.303 ±0.005
sin2 θPMNS23 0.437
+0.061
−0.031 0.397
+0.023
−0.022
sin2 θPMNS13 0.0231
+0.0023
−0.0022 0.0267
+0.0016
−0.0015
δPMNS in ◦ – 180 –
ϕPMNS in ◦ – 180 –
	m2sol in 10
−5 eV2 7.45+0.19−0.16 7.45
+0.18
−0.17
	m2atm in 10−3 eV2 −2.410+0.062−0.063 −2.410 +0.062−0.064
Table 4
Best fit results for the lepton mixing angles at mt (mt ), given here in degree for convenience.
Observable Value at mt Best fit result Uncertainty
θPMNS12 in
◦ 33.57+0.77−0.75 33.38
+0.30
−0.28
θPMNS23 in
◦ 41.4+3.5−1.8 39.06
+1.33
−1.32
θPMNS13 in
◦ 8.75+0.42−0.44 9.41
+0.28
−0.27
the fit. Our result agrees well with ms/md = 18.9 ± 0.8, as obtained from experiments in
Ref. [30]. A future more accurate determination of ms/md will provide an additional test of
our model.
30 S. Antusch et al. / Nuclear Physics B 879 (2014) 19–36Fig. 1. Correlations among the lepton mixing angles. The black star marks the best fit value. The blue and golden regions
give the 1σ and 3σ HPD regions obtained from the MCMC analysis, respectively. The dashed grey lines indicate the 1σ
intervals of the measured observables.
5.2. Phenomenological differences to our recent normal hierarchy model
Let us conclude this section with a comparison between the results of our inverse neutrino
hierarchy model and the model in Ref. [3], which had a normal mass hierarchy. Related to the
negative sign of 	m2atm the effective mass parameter of neutrino-less double beta decay mββ is
predicted to m(IH)ββ = (1.83+0.05−0.06) ·10−2 eV in reach of experiments and much larger than m(NH)ββ =
(2.31+0.12−0.09) · 10−3 eV in the NH model.
The large value of θPMNS13 opens up the possibility of measuring the Dirac CP phase δ
PMNS in
long-baseline neutrino oscillation experiments. Therefore the inverse- and normal mass hierarchy
models can also clearly be distinguished via their respective predictions δPMNS = 180◦(IH) and
δPMNS = 268.79◦+1.32◦◦(NH). The differences between the lepton mixing angles in the inverse-−1.72
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that new more precise measurements of θPMNS13 and θ
PMNS
23 will allow to distinguish between the
IH and NH predictions, θPMNS12 could be measured in a future ∼60 km baseline reactor experiment
with high precision [31]. This would allow to discriminate between the predictions θPMNS12 =
33.38◦+0.30
◦
−0.28◦ (IH) and θPMNS12 = 34.29◦+0.35
◦
−0.39◦ (NH) of the two models. Note however that the fit
results for θPMNS12 and θ
PMNS
13 depend also on the experimental range for θ
PMNS
23 .
The models can furthermore be distinguished in the quark sector by their predictions for the
CKM phase of δCKM = 69.27◦+0.91◦−0.69◦ (IH) and δCKM = 65.65◦+1.78
◦
−0.53◦ (NH), respectively.
6. Summary
We proposed an SU(5) GUT model with an A4 family symmetry which leads to a strong
inverse neutrino mass hierarchy. In Section 2 we discussed how such an inverse hierarchy can
be obtained without fine-tuning, based on a novel vacuum alignment for Yν and an off-diagonal
MR . The model is constructed in a similar way as the NH model in Ref. [3], which allows
a direct comparison. In particular, in the presented model we also realise the specific relation
θPMNS13  θC/
√
2 from charged lepton mixing effects, linked to the quark sector mixing by
GUT relations. Furthermore, CP-symmetry is also spontaneously broken by the VEVs of flavon
fields.
On the other hand, the model has some characteristics which differ substantially from the NH
model [3]: In addition to the inverse mass ordering, which makes the Majorana nature of neutrino
masses testable by future 0νββ experiments, the presented model has a different mechanism to
generate the parameters of the PMNS mixing matrix. The angles arise from a maximal 1–2
mixing and zero 1–3 mixing in mν which are both modified by a charged lepton 1–2 mixing
contribution that is linked to the Cabibbo angle θC via GUT relations. On the other hand, the
2–3 mixing in mν can a priori take arbitrary values, so that – in contrast to the NH model [3] –
no charged lepton mixing effects are needed in order to reproduce the experimental tendency
towards a non-maximal θPMNS23 . In our model, the charged lepton 1–2 mixing has two important
effects: (i) it induces θPMNS13  θC/
√
2 and (ii) it lowers θPMNS12 significantly. The latter effect
can bring θPMNS12 in excellent agreement with the present measurement, as long as θ
PMNS
23 is
significantly below 45◦, as one can see from Eqs. (6) and (7). Finally, the IH model predicts
that δPMNS and ϕPMNS = ϕPMNS2 − ϕPMNS1 both are 180◦, due to the specific phases of the flavon
VEVs.
In the phenomenological part of the paper, we confronted the model with the experimental
data by performing a detailed fit including a Markov Chain Monte Carlo analysis for calculating
the highest posterior density intervals (corresponding to the 1σ regions) for the model parameters
and the observables. With 14 parameters and 18 measured observables, we obtain an excellent
best-fit with χ2/d.o.f. = 1.1, based on the present experimental data, which is even better than the
fit of the NH model [3]. In addition, we also predict the values of the two currently unmeasured
leptonic CP phases so that, with altogether 20 observables, the model makes 6 predictions. The
results are presented in Tables 2, 3 and 4. We finally pointed out the differences between the
predictions of the NH and IH model and discussed how the models can be discriminated with the
data of running and future experiments.
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Appendix A. The messenger sector
As we pointed out in Section 3, the construction of the messenger sector is of importance to
assure the consistency of the effective superpotential. In Table 6, half of the messenger fields
and their charges under gauge-, family-, shaping- and R-symmetry are listed. To each messenger
Table 5
The matter-, Higgs-, flavon- and driving fields. A dot indicates that the field is an invariant singlet under the corresponding
symmetry. Note that the U(1) symmetries will get explicitly broken to Zn symmetries by the Higgs sector.
SU(5) A4 Z
(a)
2 Z
(b)
2 Z
(a)
6 Z
(b)
6 Z
(c)
6 Z
(d)
6 U(1)a U(1)b U(1)R
Matter fields
F 5 3 . . 2 . . 1 2 . 1
T1 10 . 1 . . . 1 . 1 . 1
T2 10 . . . . 1 . . 1 . 1
T3 10 . . 1 . . . . 1 . 1
N1 . . . . 4 . . 2 . . 1
N2 . . . . 4 . . 4 . . 1
Higgs fields
H5 5 . . . . . . . −2 . .
H5¯ 5 . . . . . . . . −1 .
H45 45 . 1 . . . 2 . . 1 2
H45 45 . 1 . . . 4 . . −1 .
H24 24 . . . 4 . . 5 −3 1 .
Flavon fields
φ1 . 3 . . . . . 3 . . .
φ2 . 3 . . . . 1 . . . .
φ3 . 3 . 1 . . . . . . .
φab . 3 . . . 5 . . . . .
φbc . 3 . . . . . 1 . . .
ξ12 . . 1 . . 1 1 . . . .
ξ23 . . . 1 . 5 . . . . .
ξM . . . . 1 . . . . . .
Driving fields
S . . . . . . . . . . 2
Dα
ab
. . . . . 2 . . . . 2
D
β
ab
. . . . . 3 . . . . 2
D
γ
ab
. . . . . 4 . . . . 2
D
β
bc
. . . . . . . 3 . . 2
D
γ
bc
. . . . . . . 2 . . 2
O1;2, O ′1;2 . 1, 1′ . . . . 5 3 . . 2
O1;3, O ′1;3 . 1, 1′ . 1 . . . 3 . . 2
O2;3, O ′2;3 . 1, 1′ . 1 . . 5 . . . 2
S. Antusch et al. / Nuclear Physics B 879 (2014) 19–36 33Table 6
The messenger fields used to generate the effective operators of the model.
SU(5) A4 Z
(a)
2 Z
(b)
2 Z
(a)
6 Z
(b)
6 Z
(c)
6 Z
(d)
6 U(1)a U(1)b U(1)R
Φ1 5 . . . 2 . . 4 2 . 1
Φ2 5 . . . 2 . . 2 2 . 1
Φ3 5 . . 1 . 1 . . 2 . 2
Φ4 . 3 . . . 2 . . . . 2
Φ5 . 3 . . . . . 4 . . 2
Φ6 45 . . . . . 1 . −1 1 1
Φ7 5 . . . 4 . 5 5 −2 . 1
Φ8 10 . . . 2 5 . 1 2 -1 1
Φ9 5 3 . . . 1 . . . 1 2
Φ10 5 . . 1 . . . . −1 1 1
Φ11 5 . . 1 4 . . 5 −2 . 1
Φ12 10 3 . . . . . . −1 . 1
Φ13 . 1′ . . . 2 . . . . 2
Φ14 . 1′′ . . . 2 . . . . 2
Φ15 . . . . . . . 4 . . 2
Φ16 . . . . . 4 4 . . . 2
Φ17 . . 1 . . 3 3 . . . .
Φ18 . . . . 4 . . . . . 2
Φ19 . . . . 3 . . . . . .
Φ20 . 3 . 1 . 3 . . . . .
Φ21 . . . . . . 4 . . . 2
Φ22 . . . . . . 2 . . . 2
Φ23 10 . 1 . . . 5 . 1 . 1
Φ24 . 3 . . . . . 2 . . 2
Φ25 . . 1 . . 5 5 . . . .
Φ26 . . . . . . . 2 . . 1
Operator ϕ1 ϕ2 ϕ3 ϕ4 γ1
#1 N1 H5 φ1 F Φ1
#2 N2 H5 φbc F Φ2
#3 ξ23 H5 T2 T3 Φ3
#4 φab φab φab D
β
ab
Φ4
#5 φbc φbc φbc D
β
bc
Φ5
Fig. 2. List of order 4 operators in the effective superpotential.
field Φi a messenger Φ¯i exists, such that a mass term of the form ΛiΦiΦ¯i exists in the renormal-
isable superpotential. The fields Φ¯i are not listed in Table 6, since their charges can be trivially
determined from the charges of the corresponding field Φi .
In Figs. 2–7 we explicitly list the supergraph structure that determines how the operators of
the effective superpotential in Eq. (8) are generated by integrating out the messenger fields.
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#6 T1 H45 H24 φ2 F Φ6 Φ7
#7 T2 H24 F φab H5¯ Φ8 Φ9
#8 T3 H5¯ H24 φ3 F Φ10 Φ11
#9 T2 φab H5 φab T2 Φ12 Φ12
#10 φab φab D
γ
ab
φab φab Φ4 Φ4
#11 φab φab D
γ
ab
φab φab Φ13 Φ14
#12 φbc φbc D
γ
bc
φbc φbc Φ5 Φ5
#13 φbc φbc D
γ
bc
φbc φbc Φ15 Φ15
Fig. 3. List of order 5 operators in the effective superpotential and corresponding messenger fields.
Fig. 4. The only effective operator of order 6 (#14): N1N2ξ4M .
Operator ϕ1 ϕ2 ϕ3 ϕ4 ϕ5 ϕ6 ϕ7 γ1 γ2 γ3 γ4
#15 ξ12 ξ12 ξ12 S ξ12 ξ12 ξ12 Φ16 Φ17 Φ17 Φ16
#16 ξM ξM ξM S ξM ξM ξM Φ18 Φ19 Φ19 Φ18
#17 φab φab ξ23 S ξ23 φab φab Φ4 Φ20 Φ20 Φ4
Fig. 5. List of order 7 operators in the effective superpotential from supergraphs with linear topology.
Operator ϕ1 ϕ2 ϕ3 ϕ4 ϕ5 ϕ6 ϕ7 γ1 γ2 γ3 γ4
#18 φ2 φ2 φ2 φ2 T1 T1 H5 Φ21 Φ22 Φ23 Φ21
#19 φbc φbc φbc φbc S φbc φbc Φ15 Φ24 Φ5 Φ5
#20 S ξ12 ξ12 ξ12 ξ12 ξ12 ξ12 Φ25 Φ17 Φ16 Φ16
#21 φ2 φ2 φ2 φ2 S φ2 φ2 Φ21 Φ22 Φ21 Φ21
Fig. 6. List of order 7 operators in the effective superpotential from supergraphs with non-linear topology.
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#22 ξ12 ξ12 ξ12 ξ12 ξ12 T2 T1 H5 Φ16 Φ17 Φ25 Φ23 Φ16
#23 ξM ξM N1 φbc φbc N1 ξM ξM Φ18 Φ26 Φ¯26 Φ18 Φ15
Fig. 7. List of order 8 operators in the effective superpotential from supergraphs with non-linear topology.
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